In recent years the asymptotic behavior of Green's functions in field theory has attracted people with renewed interest and has been investigated extensively in connection with the Bjorken scaling of electroproduction structure functions. The differential equation formulated by Callan 1 l and Symanzik 2 l has proved itself to be most powerful for such investigations. The asymptotic behavior, on the other hand, is closely related with the properties of Lagrangians under scale transformations since at asymptotic momenta mass terms may be neglected and scale invariance would become exact. Therefore, it is natural to think that the Callan-Symanzik equation might be a consequence of scale invariance. More precisely, we may ask if it is possible to derive the Callan-Symanzik equation from the "Ward" -type identities-to be referred to as trace identities from now on-*l expressing (1) where 8 1 ,. and Dl' are the improved energy-momentum tensor and the dilatation current, 8 l• 4 l respectively. The answer seems to be affirmative**l provided we use another set of identities-to be called the Ward identities in what followsexpressing conservation of energy and momentum:
frel'.=o. (2) Unfortunately, the trace identities derived naively by canonical reasoning do not *> We follow the notation of Refs. 3) and 4). **> Indeed, Callan'> started with Eq. (1) . His derivation is incomplete, however, in that the origin of his function f(J.) -{3(J.) in the usual notation-is not clear at all. Symanzik, on the other hand, never used Eq. (1).
give the correct Callan-Symanzik equation. This IS easy to understand if we only remember that introduction of some kinds of massive regulator field is unavoidable in the conventional regularization methods to render the perturbation expansions meaningful. Roughly speaking, a massive regulator field ¢ of mass M contributes a term -M 2 rji to 8" 11 and the effect of the added term does not disappear as M tends to infinity due to the factor M 2 • In other words, the correct trace identities should contain an anomaly.*> Unlike the famous VV A triangle anomaly, this anomaly receives full contribution from higher order radiative corrections which, together with the complications caused by the presence of regulator fields, gives rise to difficulty in a direct perturbation theoretic derivation of the anomalous trace identities in the conventional regularization framework.
A way out of this difficulty is provided by the method of continuous dimension6>~7> for which no regulator field is necessary. In usual applications of this idea, however, an analytic continuation to the continuous dimension n of spacetime is made after Feynman integrals are written down. This is clearly inadequate to treat scale invariance properly since even a scale invariant Lagrangian in the four-dimension becomes non-invariant in the n-dimension. Therefore, we must formulate the theory in the n-dimensional space-time from the very beginning at the Lagrangian level. Any coupling which is dimensionless in the four-dimension then acquires a certain dimension and contributes to the divergence of the dilatation current 8" D 11 in addition to the mass terms. ·More-over, operator dimensions of fields are of course anomalous, resulting in other terms in f)" D 11 • In this way we include all the possible sources inherent in the theory to violate scale invariance. Then the naive trace identities are true. to all orders of perturbation theory. These identities can be further analyzed and give the correct trace identities with anomaly, which, combined with the Ward identities, reproduce the Callan-Symanzik equation.
In this paper we shall illustrate the general program mentioned above by performing detailed calculations for the simplest model, namely quartically selfcoupled scalar field. Essential ingredients of our approach are completely contained in this example and extension to more general theories is straightforward.**> Some remarks on renormalization and unitarity in n-dimension are in order here. As for renormalization, we use the Bogoliubov-Parasiuk-Hepp procedure 6 >· 9 > since the R-operation and its interpretation by formal counter terms work in any dimension if we define the superficial degree of divergence of a graph by its value in the four-dimension. Unitarity is not so simple since it is not clear whether the Landau-Cutkosky rule 10 >• 11 > can be extended to n-dimension or not. We do not, however, make explicit use of unitarity, and this question, though interesting, *J The Ward identities should not have such an anomaly since it expresses the homogeneity of space-time. **l Theories which explicitly depends on ro matrix are excluded. may not be directly relevant to our analysis.
In § 2. we give our model and write down the Ward and trace identities. In § 3 the trace identities are analyzed for a special configuration of external momenta and the Callan-Symanzik equation is derived. Discussions on the results are given in § 4. § 2. Energy-momentum tensor, dilatation current,
Ward and trace identities
We consider the model specified by the Lagrangian
where ¢ is a renormalized scalar :field, fl. and A. are the renormalized mass and coupling constant, respectively, and the dimension of sPace-time is chosen to be n. From this Lagrangian, we can construct the improved energy-momentum tensor (} pv :
and the improved dilatation current D P:
If we use the canonical commutation relation of :field ¢, the dilatation current thus constructed satisfies the following commutation relation:
which at the same time defines the operator dimension dq, of :field ¢. Divergence of the dilatation current can also be calculated:
Here r"' denotes the deviation of dimension dq, from its free :field value (n-2) /2:
Equations ( 4) trace identities to be derived shortly.**> Second; does the canonical commutation relation (6) agree with that calculated by the Bjorken-Johnson-Low limit ?I 2 J,ISJ This question is deeply connected with the first one and we have not reached any conclusion yet. The commutator (6), therefore, should be taken as an assumption in this paper. Now we define three types of Green's functions:
where T is the time-ordered product and the T*-product m Eq. (9) IS defined as follows: The crucial point in the following analysis is that, though derived by canonical reasoning, both the Ward and trace identities must be true as it stands to all orders of perturbation theory. This is because we have avoided the occurrence of troublesome infinities by going to the n-dimension and at the same time included all the effects of scale invariance breaking (the latter fact is explicit in Eq. (7)).
The absence of poles at n=4 in r~~) and r<NJ when q=O follows naturally from these two identities. We differentiate Eq. (13) with respect to q and then set q=O:
Since renormalizability of our model assures that G<Nl has no poles at n = 4, Eq. (15) tells us that this is also the case with n~l(O;p1 , ···,PN), which, together with Eq. (14), is sufficient to guarantee the same for r<NJ(O;PI,···,PN). § 3. 
. 'PN). To see what happens, we write ()I'D 11
by unrenormalized quantities,
(¢ 0 is the unrenormalized field). The first term f10 2 ¢0 2 is the unrenormalized mass insertion term and we denote the contribution of this term to r (N) by ATu (N).
The effect of the second term r"' (a" ¢0a 11 ¢0 -/10 2 ¢0 2 ) is replacement of each prop-
A. Ukawa
This amounts to the multiplication of G0~ by 2ir¢(Nint+N). As for the third term i ( 4-n-4r ¢) (-i (J..o/ 4 !) q) 0 4 ) , we have only to replace every vertex -i}..0 of G 0m by i (4-n-4r¢) ( -iJ..o) one by one, therefore we get i (4-n-4r¢) 
where we have introduced the multiplicative factor Z and the function {1 (J..) by JJG<Nl(p1, ... ,pN) .
This is the final result of our graphical analysis. Unfortunately, the anomalous term has a rather complicated structure and the meaning of these identities is not clear in such a form. To simplify these identities (and this modification leads us to the Callan-Symanzik equation as we shall see below), we use Eq. (15) which gives g"·n::
This can further be rewritten by the use of
which simply represents that G<Nl has the mass dimension N (n/2 + 1) -n.
Eliminating the 'E.f=1 Pi (8 /BPi) term from (25) and (26) and then equating the resultant expression for g"" T"" with the right-hand side of Eq. (24), we get the simplified form which is nothing other than the Callan-Symanzik equation:
For comparison, we write down the conventional form of the Callan-Symanzik equation:
where G<Nl and JJ"<NJ denote the one-particle-irreducible parts of G<Nl and JT<Nl, respectively. In order to establish the equivalence of Eqs. (27) In the previous section, we have derived the Callan-Symanzik equation (27) for the full Green's functions from the anomalous trace identities. However, the proof of these identities is not essentially altered, if we take one-particle irreducible parts of r~~l, r<N) and G<Nl. Therefore, the Callan-Symanzik equation (28) for such proper vertices can also be derived from the anomalous trace identities. This fact constitutes the third proof of the equivalence of Eqs. of the factor 4-n, the effect of such a term cannot easily be taken into account if we stick to the four-dimension. This fact convinces us of the inevitability of introducing the continuous dimension at the Lagrangian level and at the sarn:e time proves the power of such a formulation. Now we turn to the weak point of our proof, namely the commutator (6). We should check whether the commutator determined by the Bjorken-Johnson-Lo w limit of the quantity
agrees with the right-hand side of Eq. (8) ,PN) , and, therefore, both r~~) and J'<Nl would be finite. Everything would be consistent in such a case. These points remain to be further investigated. For summary, we have formulated the generalization of the method of dimensional regularization suitable for the study of scaling properties of Green's functions. Making use of this formulation, we have determined the form of the anomaly in the trace identities and clarified its connection with the CallanSymanzik equation.
